Braneworlds with timelike extra-dimension 
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In this work, we consider a braneworld model with a timelike extra-dimension. There are strong 
constraints to the parameter values of such a model resulting from the claim that there must be a 
physical solution to the Friedmann equation at least between now and the time of recombination. 
We fitted the model to supernova type la data and checked the consistency of the result with other 
observations. For parameter values that are consistent with observations, the braneworld model is 
indistinguishable from a ACDM universe as far as the considered cosmological tests are concerned. 



I. INTRODUCTION 

After the seminal papers of Randall and Sundrum 
0, several braneworld models have been examined 
during the past years (for reviews see [3, The idea 
is that we could be living in a four-dimensional space- 
time, the brane, which is embedded in or bounding a 
five-dimensional bulk. Gravity acts in all five dimensions 
whereas the other interaction forces are constrained to 
the brane. Thus, the existence of an additional dimension 
influences the expansion history of the universe. While 
the Randall-Sundrum model differs from general relativ- 
ity in the early universe, another braneworld model was 
suggested by Dvali, Gabadadze and Porrati (DGP model) 
Q which differs from general relativity at late times and 
thus could give an explanation for the present accelerated 
expansion. In fact, braneworld cosmologies (e.g. a com- 
bination of the Randall-Sundrum and the DGP model 
@;0|) can mimick several other cosmological models, but 
also allow for a variety of other expansion histories Q. 
In most models the extra-dimension is considered to be 
spacelike, but there is actually no a priori reason that 
prevents this dimension from being timelike. 

In the present work we consider a model with a single 
brane which forms the boundary of the bulk. Chapter II 
summarizes the most important properties of this model 
that has already been described by Shtanov and Salmi 
0, Il0| . Here, we take a look at the general case, leav- 
ing open the nature of the fifth dimension. In capter III 
we draw our attention to the case of a timelike extra- 
dimension. We put new constraints on the density pa- 
rameters in order to get a physical solution of the Fried- 
mann equation within a certain redshift range. At this 
point, the so-called BRANE2 model can already be ex- 
cluded in the case of vanishing spatial curvature and dark 
radiation. The BRANE1 model is then confronted with 
observational data showing that it cannot be excluded by 



the applied cosmological tests. 



II. A BRANEWORLD MODEL 

We consider a theory which combines the Randall- 
Sundrum and the DGP model and is described by the 
action (fj|. [Toj 
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J brane 

where M and m are the five- and four-dimensional Planck 
masses, respectively. The two masses are related by an 
important length scale I = 2m 2 /M 3 . On short length 
scales (r <C £) the usual four-dimensional general rela- 
tivity is recovered, while on large length scales (r 3> £) 
five-dimensional effects play an important role [H, [ill ]. 
TZ denotes the scalar curvature of the bulk metric g a b 
and R the scalar curvature of the induced brane metric 
h a b = (jab — tn a nb, with n a being the inner unit normal 
vector field to the brane. K is the trace of the extrin- 
sic curvature of the brane K a b = h c a \7 c rib. A5 denotes 
the bulk cosmological constant and a the brane tension. 
As ordinary matter fields are confined to the brane, the 
Lagrangian density L does not depend on the bulk met- 
ric g a b, but on the induced metric h a b- For a spacelike 
extra-dimension e = 1, whereas e = — 1 for a timelike 
extra-dimension. 

By variation of this action one obtains Einstein's equa- 
tions in the bulk 

Gab + A 5 .g ab = (2) 

and on the brane 

m 2 G ab + ah ab = T a b + eM 3 (K ab - Kh ab ) . (3) 
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In order to calculate the five-dimensional Friedmann 
equations from the above Einstein equations one needs 
the Gauss-Codacci-relation ([T3] chapter 10.2): 



R ab c = VVV'/'V'W + K ac K b a - K bc K a a (4) 
Contracting this relation on the brane leads to 

M 6 (R - 2A 5 ) (m 2 R - 4m 2 A 4 + T) 2 
o 

+ (m 2 G a b + TO 2 A 4 /i afc - T ab ) 

x (m 2 G ab + m 2 A 4 h ab - T ab ) = (5) 

In the following, we consider a homogeneous and 
isotropic universe. Taking the stress energy conserva- 
tion into account, the above equation can be integrated 
to yield [l__| ' 
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(6) 



where H = a/a is the Hubble parameter and k = 0, ±1 
corresponds to the spatial curvature, p is the matter den- 
sity on the brane. C is an integration constant, the dark 
radiation term, which transmits bulk graviton influence 
onto the brane. Introducing the length scale I = 2m 2 /M 3 
equation ([6]) yields the Friedmann equation on the brane 

H 2 + \ 
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The ±-sign corresponds to the two different ways the 
brane can be embedded in the bulk. The model which is 
described by the equation with the lower sign will from 
now on be referred to as BRANE1 and the one with the 
upper sign as BRANE2. 

Using the cosmological density parameters 
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the Friedmann equation can be rewritten as 
H 2 (z) 



H 2 
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+ 2etl e ± 2e^/tl t 

xy/Qt + e [ti m (i + zf + ti a + ti As + n c (i + z y\ . (9) 



Considering only the first three terms on the RHS, 
we receive the well-known Friedmann equation of four- 
dimensional general relativity. This is equivalent to 
setting the five-dimensional Planck mass M to zero 
(i.e. tig — 0). If we instead (in the case of a space- 
like extra-dimension) choose the four-dimensional Planck 
mass m to be zero, the result is a Randall-Sundrum 
braneworld model [l|, ■ 

In the approach we follow in this work, there is no need 
to specify a metric. The Friedmann equation could be 
derived without making any assumptions on the metric 
except homogeneity and isotropy. This makes the ansatz 
rather general. Nevertheless, we give an example for a 
metric. In the case m = 0, the bulk can be described by 
the following metric @: 



where 



ds 2 = ~f(r)dt 2 + t -^-+r 2 dtl 3 



f(r) = e ( fc _____ _ 



(10) 



(11) 



and dtl% denotes the metric of the unit three-sphere. For 
a spacelike extra-dimension, this solution corresponds to 
AdSs-Schwarzschild. 



III. TIMELIKE EXTRA-DIMENSION 

We will now focus on the case of a timelike extra- 
dimension. Thus, the Friedmann equation is 



H 2 (z) 



fi m (l + zf + ft fc (l + zf + Or 

- 2tl e T- 2y/tt~ e 
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From equation |5]) the following constraint on the density 
parameters can be obtained by setting z = 0: 



1 = tl k — ^A 5 



ti r 



'tie ± \ftlg — tl m — tl a — tl As — tic 
As the density parameters are real quantities, 



tie > 0, 



tl a + Q A . + tl c 



as well as 



^A 5 " tl C > 1 



(13) 



(14) 
(15) 



(16) 



must be fulfilled. For a ACDM universe, we know from 
observations that the spatial curvature tl k is close to zero. 
Komatsu et al. [~ J have constrained the spatial curva- 
ture to be fl k = -0.0052 ± 0.0064 by using WMAP5 
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data. On the other hand, the dark radiation density at 
the present epoch flc a ls° has to be quite small as it 
scales with (1 + zf. Assuming that the constraints on 
the spatial curvature are also valid for braneworld mod- 
els, from the above equation follows fl\ 5 < — 1. At least 
J7a 5 has to be negative, i.e. the bulk cosmological con- 
stant A5 is positive. 

A. Vanishing Dark Radiation and Spatial 
Curvature 

For simplicity we first consider a model with = = 
Sic- In this case, the only parameter that scales with 
redshift is the matter density. As the BRANE1 and the 
BRANE2 models show quite a different behaviour, we 
discuss them separately. 

1. BRAN El 
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FIG. 1: Constraints on the density parameters fig and Qa*, of 
a BRANE1 model with negative brane tension and fi m = 0.3. 



Two conditions have to be satisfied in (TT2|) : H 2 (z) 
(condition 1) as well as the term under the square root 
(condition 2) must not be negative. 
Condition 1: 

Q m (l + zf + Q CT - 2fi* 



+ 2VfieV^ - + z f - to* - ^a 5 > (17) 
Condition 2: 

n m (i + z f < n e - n A5 - o CT . (is) 



From the constraint equation (j 1 3|) we receive two so- 
lutions for the brane tension 



CT = 1 - tt m ± 2 v /^ v /-l-fi / 



(19) 



The constraints on the density parameters given by con- 
dition 1 and 2 strongly depend on whether a negative or 
positive brane tension is chosen. 

In the case of a negative Q a , either the inequality 



n m (i + zf + 1 - n r . 



(20) 



or the inequalities 



y/n e > y/n m (i + z ) 3 

have to be fulfilled. 

For a positive Q a , 



a, 



\J — 1 — f^A 5 and 



(21) 
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(22) 



must be fulfilled. 



From the constraint inequalities one can immediately 
see that there exists a maximum redshift beyond which 
the Friedmann equation does not have a physical solu- 
tion. We claim that the conditions must at least be sat- 
isfied back to the time of recombination, i.e. z — 1090. 
When going to higher redshifts, at some point either (TTT]) 
or (fl"8|) is violated. The physical meaning of the former 
case is the following: In a collapsing universe the Hub- 
ble parameter H(z) becomes zero at a certain redshift 
and a bounce takes place [9j . After that the universe ex- 
pands again. In contrast, violation of (fT8|) would lead to 
a singularity similar to those described in [HI: The de- 
celeration parameter q(z) = —d/(aH 2 ) becomes singular 
whereas H(z) remains finite. 

The conditions that constrain the density parameters 
in the cases of negative and positive brane tension are 
quite similar. Yet, the consequences for the allowed pa- 
rameter space are very different as can be seen in Figs. [T] 
and [21 The range of possible parameter values is much 
larger for a negative brane tension. Therefore, we will 
focus on this case in the following. 

Figure [3] shows how the square of the Hubble param- 
eter changes with increasing Qg, while Q m = 0.3 and 
Q\ 5 — — 2 stay fixed for the case of a negative brane ten- 
sion. For values of fig smaller than ~ 10 16 (i.e. values 
within the excluded parameter range), the curve becomes 
negative between now and the time of recombination. In 
Fig-Hl h is shown how the curve changes when £l\ 5 is var- 
ied. Here, all parameter values are in the allowed range. 
With increasing f2A 5 the curves become steeper and thus 
approach the ACDM model (which cannot be shown in 
this figure as it is too steep). 
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2. BRANE2 

For the BRANE2 model again two conditions have to 
be fulfilled: 



f} m (l + zf + 



2n, 



-n a -ci As > o (23) 



and 



Qt - Q m (l + z) 3 - o CT - n A5 >o, 



(24) 



where the brane tension is given by Q,„ = 1 — Q m 
These conditions are equivalent to the inequalities 



FIG. 2: Constraints on the density parameters fig and Qa 5 of 
a BRANE1 model with positive brane tension and Q m = 0.3. 




FIG. 3: Hubble parameter H 2 (z)/Hi of a BRANE1 model 
with negative brane tension for different values of Qi with 
Q. m = 0.3 and Q,Ak = — 2. 




FIG. 4: Hubble parameter H 2 {z)/H$ of a BRANE 1 model 
with negative brane tension for different values of Qa 5 with 
Q m = 0.3 and Q e = 10 16 . 



4(v/=nX7- v-i-«a 5 ) 2 



and 



(25) 



(26) 



The two inequalities can only be fulfilled simultaneously, 
if the RHS of US]) is larger than the RHS of (26]). This 
is only possible for redshifts z < 0.22. Thus, a flat 
BRANE2 model without dark radiation can be excluded. 



3. Angular Separation 

In the following we will concentrate on the BRANE1 
model with negative brane tension. Remember that in 
this section we consider the universe to be spatially flat 
and to contain no dark radiation. We would now like to 
know whether such a model is compatible with observa- 
tions. One simple cosmological test is to take a look at 
the angular separation. The angle &(z) under which we 
see two objects in the universe depends on the cosmolog- 
ical model. As the universe expands, the distance D(z) 
between those objects changes as 



D(z) 



Da 



1 + z 



(27) 



where Dq = D(z = 0) is the separation in the present 
universe. The angular separation is described by 



9(z) 



D{z)(l + z) 2 D (l + z) 



<Il{z) 



<1l{z) 



D 



dz' 



(28) 



where cIl(z) is the luminosity distance and the last equa- 
tion is only valid for a flat universe, flf. = 0. 

The large-scale correlation function of luminous red 
galaxies has been obtained from Sloan Digital Sky Survey 
data showing a peak at 100 h^ 1 Mpc [l6|. The average 
redshift of those galaxies is z = 0.35. Assuming h = 0.73, 
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FIG. 5: Angular separation for a ACDM (Q m = 0.3, Q,a = 
0.7) and a BRANE1 model for different values of f2A 5 with 
Vt m = 0.3, Q e = 10 16 and D = 185Mpc. 



FIG. 6: H(z)/H aCDM (z) for a BRANE1 closed universe with 
dark radiation. fi m = 0.3 and Qk = —0.01 for all curves, 
Qa 5 = —2 and fi^ = 10 16 for the lower three bold lines and 
Qa 5 = — 10 8 and Q.i = 10 s for the upper three lines. 



we can determine the present separation to be Do = 185 
Mpc. If one uses this typical distance of large objects 
in the present universe and calculates for z = 1090 
with the above formula, the resulting angle should be 
a typical value for the structure observed in the CMB. 
Figure [5] shows the angular separation for ACDM and 
for BRANE1. Q(z = 1090) = 48.5arcmin in a ACDM 
universe, which is where the first peak of the CMB power 
spectrum is located. Thus, ACDM fits the observational 
data perfectly well. For small absolute values of f^s in 
the braneworld model, the angular width 0(z = 1090) is 
about 300 times smaller than in the ACDM case and thus 
not compatible with CMB observations. This cannot be 
remedied by changing the value of fig. The larger J7a 5 
is chosen the more the angular width approaches that 
of ACDM. Therefore a small fl\ 5 can be ruled out for 
this special kind of braneworld model with = and 
fl c = 0. 



B. BRANE1 with Dark Radiation and Spatial 
Curvature 

In this section we give up the assumption of a flat uni- 
verse without dark radiation. Instead we assume a neg- 
ative Qc, which corresponds to a positive dark radiation 
term C. flk can have arbitrary values. 

Figure [5] shows H(z)/ ^aCDm( z ) f° r different param- 
eter values. Without dark energy (and with small ^a 5 ) 
there was a large difference between the braneworld 
model and ACDM. H 2 (z) became even negative at a 
certain rcdshift. Models including dark radiation only 
deviate from the standard model at relatively low red- 
shifts. The largest deviations occur around redshift ~ 1. 
With increasing z the Hubble parameter approaches that 
of the ACDM case. 

A good method to compare the predictions for those 



redshifts with observations is to consider the luminosity 
distance di,{z) or the distance modulus The lumi- 

nosity distance is given by 

w = S7B s N.w)' (2<J) 

where S(x) = x for a flat, sin(x) for a closed and sinh(.T) 
for an open universe. The distance modulus is denned as 

fi(z) = m(z)- M = 5logd L {z) + 25, (30) 

where is given in units of Mpc. m(z) and M are the 
apparent and the absolute magnitude, respectively. The 
observational data are obtained by analyzing supernovae 
type la as they are considered to be the best standard 
candles. 

We used the 2007 Gold sample presented by Riess et 
al. to fit the model. We adopted the values of M 
and Hq given by [HI]. Therefore, we had to substract 
0.27mag from distance modulus given in the Gold sam- 
ple. Then the value of Ho is 73km/ (s Mpc). The problem 
with the x 2- fit is that there exist multiple local minima 
for x 2 with many of those minima having the same value 
of x 2 - As shown in Fig. [31 for some parameter values 
H 2 (z) becomes zero before z — 1090 is reached. Fits that 
yielded such values could be dismissed at once. Fitting 
all five parameters (fim, ^e, ^A 5 , &c an d ^fe), the results 
for fife were always negative and typically between —0.2 
and —0.6. An example of best fit parameters is given in 
table [T] If we accept the results from the WMAP ob- 
servation (that were obtained by assuming ACDM) to 
be valid also for braneworld models, then the result of 
our fit is not compatible with WMAP which predicts a 
flat universe [lij]. Also the calculated value for flc is 
quite surprising. As the dark radiation density scales 
with (1 + z) 4 , it should be close to zero at the present 
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0.90 



TABLE I: Results of the x 2 -fits for 3-, 4- and 5-parameter fits 
of the BRANE1 model and for ACDM. 



epoch. So if the value —1.15 is correct, Sic must have 
been extremely large at earlier times. Yet, it is notice- 
able that the braneworld model with a x 2 P er degree of 
freedom of 0.89 fits the supernova data slightly better 
than ACDM with a x 2 per degree of freedom of 0.90. 

We fixed S\. to be equal to zero and performed a 4- 
parameter fit. The x 2 per degree of freedom for that fit 
is 0.89. This is the same value as for the 5-parameter 
fit . The absolute value of Vtc has become smaller com- 
pared to the previous fit. But still it seems to be quite 
large. Performing another fit with Clc and Qk fixed to 
zero yields a x 2 P er degree of freedom of 0.91, which is 
slightly worse than that of ACDM. The density parame- 
ters have reasonable values. 

Figure [7] shows the distance modulus for the three fits 
and the ACDM fit compared to the Gold sample. In 
Fig. [8] the angular separation of the same models is plot- 
ted. In both plots the curve of the 3-parameter fit is 
almost identical to that of ACDM. While the 4- and 
5-parameter fits are perfectly consistent with SNe ob- 
servations, the calculated angular separations at rcdshift 
1090 are too large to be compatible with CMB observa- 
tions, namely O ~ 80 arcmin for the 4-parameter fit and 
~ 100 arcmin for the 5-parameter fit. Thus, the re- 
sults obtained by those two fits to SN data can be ruled 
out and we are left with the result of the 3-parameter 
fit. This model almost does not differ from ACDM as far 
as the distance modulus and the angular separation are 
concerned and thus both theories are indistinguishable 
when using only the two applied test. 

Table HI1 lists the following quantities for the three fits: 

a) the angular separation at the time recombination, 

b) the maximum possible redshift z max for which the 
Friedmann equation has a physical solution and c) the 
age of the universe. For the calculation of the maximum 
redshift and the age of the universe, one needs to con- 
sider the radiation density Cl r in the Friedmann equation, 
which could be neglected in the previous tests, but be- 
comes important at very high redshifts. In order to do 
so, we just need to add O r (l + z) 4 to f2 m (l + z) 3 every 
time it occurs in the Friedmann equation. We adopt the 
value fl r = 8.4 • 10~ 5 according to WMAP5 



14(. The 



redshift is only limited for the 3-parameter fit, where the 
term under the square root in the Friedmann equation 
(|12p becomes zero at z m ax- At this point a singularity 
occurs, which can be interpreted as a kind of Big Bang. 
Let us take a closer look at the result of the 3- 
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FIG. 7: Distance modulus minus the distance modulus of 
an empty universe for the three braneworld model fits and 
ACDM. 
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FIG. 8: Angular separation for the three braneworld model 
fits and ACDM. 



parameter fit since this is the only model that has not 
been excluded by the tests used in this work. In this 
model, the universe would be 15 billion years old, i.e. 
there is no conflict with the oldest objects in the universe. 
It has already been pointed out in [ll| that the usual four 
dimensional general relativity is recovered on scales much 
smaller than i. Taking the fit result fig = 2 ■ 10 14 and 
assuming H = 73 km/(s Mpc), one obtains i ~ 300 
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5-parameter fit 


104 


OO 


10.4 


4-parameter fit 


77 


oo 


12.9 


3-parameter fit 


46 


120000 


15.0 



TABLE II: Angular separation O at recombination, maximum 
redshift z max and age of the universe for the different fits. 
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pc. Thus, the model is not in conflict with any tests of 
general relativity on scales much smaller than 300 pc. 
Especially tests that are made within the solar system 
are not affected by any five-dimensional effects. 

A problem occurs when we consider Big Bang nu- 
cleosynthesis (BBN). The maximum redshift of the 3- 
parameter fit is much smaller than the redshift when nu- 
cleosynthesis took place. This problem can, however, be 
easily avoided by introducing again a dark radiation term 
0(7. Its value must be small enough to ensure that the 
fit result and the cosmological tests up to the redshift 
of recombination are not affected. On the other hand, 
f2c needs to be larger than the radiation density fl r to 
prevent the term under the square root of the Fricdmann 
equation from becoming negative. Thus, we choose fl r 
to be of order 10~ 4 . Then the model is radiation domi- 
nated at very high redshifts, just like the ACDM model. 
There is no limit to the redshift any more and the model 
is consistent with BBN observations as it does not differ 
from ACDM at these redshifts. Thus, this model cannot 
be excluded by the considered observations. 

Remember that these results are only examples as the 
% 2 -fit yields many minima. However, we did not find a 
result of the 5- or 4-parameter fit that is compatible with 
all observations. 



IV. CONCLUSION 

In this work we focused on braneworld models with 
a timclike extra-dimension. For a flat universe without 



dark radiation we put constraints on the density parame- 
ters ft\ 5 and fit. The BRANE2 model could be excluded 
for this case. Considering a BRANE1 model, the abso- 
lute value of at least one of the parameters Cl\ 5 , &e has 
to be very large in order to obtain a physical solution for 
the Fricdmann equation within a redshift range from 
to 1090. Comparison to CMB data shows that a large 
\Q\ 5 1 is necessary for this model. 

We then introduced a dark radiation term and spa- 
tial curvature and fitted the density parameters to SN la 
data. The results of the 5- and 4-parameter fits are not 
compatible with CMB observations. The only result that 
could not be ruled out is the 3-parameter fit, provided a 
small dark radiation term is present. Unfortunately, its 
behaviour in the considered cosmological tests is almost 
identical to that of ACDM. So, better observational data 
would not help excluding or confirming the model. In- 
stead, further cosmological tests are needed. 
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